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Introduction

Introduction: Linear Models

Derivation of Linear Models

Flatten Modelica model:

0= F(&(t), z(t), y(t), u(t), p, 1), 2(t) = ( (t)

J} matching and sorting algorithm transform to

(&) _
0= (5 ) = e, 50,20

This results in the state space equations:

(atn )= (anracrpn )
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by Taylor series approximation and
cancelling the quadratic and higher
order terms.

Linearization
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Introduction: Linear Models

Derivation of Linear Models

State-Space Equations

()~ (oo

by Taylor series approximation and
cancelling the quadratic and higher
order terms.

Linearization

For linear models the following
matrices are needed:

\
A(t) =2
B(t) = 5;
C(t) = &
D(t)=%

27



Introduction

Introduction: Differentiation

Methods for Differentiation

Common Methods

@ Numerical Differentiation
@ Automatic Differentiation

@ Symbolic Differentiation
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Introduction

Introduction: Differentiation

Numerical Methods

Forward difference:

o) = i G2+ =10

4

Differentiation Methods

o Numerical

Even if § is optimal selected:

@ Automatic

@ Symbolic

|5J;(;) ~ (f(z +dopt) _f(i’?))| T3

5opt

Some significat digits are lost by truncation.
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Automatic Differentiation

Differentiation Methods

@ Numerical

@ Automatic
@ Symbolic
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Introduction: Differentiation

Automatic Differentiation

Basic Differentiation Rules

Chain rule:

Differentiation Methods Voé(u) = d(u)Vu

@ Numerical

o Automatic Arithmetic operations:

@ Symbolic Vutv) = VuxVvu
V(w) = uVov+ovVuy
u (Vu — 2Vo)
v = et

v v
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Introduction: Differentiation

Automatic Differentiation

Basic Rules

Chain rule:

y = f(x1,22) = (m122 + sin(zy)) (22 + cos(zz))

Arithmetic operations:

V(utv) = VuxVu
V(w) = uVv+ovVu
U (Vu — 2Vv)
i) -

v v

o’
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Introduction: Differentiation

Automatic Differentiation

Basic Rules

Chain rule:

y = f(x1,22) = (m122 + sin(zy)) (22 + cos(zz))

Arithmetic operations:

V(utv) = VuxVu °
V(w) = uVv+oVu a a
(Vu — 2Vv)
v = YTV
e S
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Introduction: Differentiation

Automatic Differentiation Example

Operations Differentiate(t;, {z1, z2})
tl = Vt1 = [1,0]

to = o Vi, = [07 1]

t3 = t1ta Vits = t1 Vit + Vi to
g = Sil’l(tl) Vity = COS(tl)vt2

ts = t3 + ta Vits = Vis + Viy

te = COS(tQ) Vit = — Sil’l(tz)vtg

tr = te + t2 Vitr; = Vitg + Vita

ts = tsi7 Vits = Visty + tsVir

o
N
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Introduction: Differentiation

Automatic Differentiation Example

Operations Differentiate(t;, {z1, z2})
i = i Vit = [1,0]

t2 = T2 Vtz = [0, 1]

ts = tit Vits = t1Vita + Viita
ts = sin(ty1) Vits = cos(t1)Via

ts =t3 4+ ta Vits = Vit + Viy

te = cos(ta) | Vi = —sin(t2)Vis

tr = tg + t2 Vit = Vig + Via

tg = tsty Vits = Visty + t5Vir

o
N
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Introduction: Differentiation

Automatic Differentiation Example

Operations eval Differentiate(t;, {z1, z2}) Vf

W = @ 1 Vit = [1,0] 1,0

tz = T2 2 Vtg = [0, 1] 0, 1

i3 = tite 2 Vits = t1Vite + Viita 2,1

ta = sin(t1) 0.91 Vits = cos(t1)Via 0.54, 0]

ts = t3 + ta 2.91 Vits = Vis + Via 2.54, 1]

te = COS(tz) —0.42 Vit = — Sin(tz)th 0, —0.91]
t; = te + to 1.58 Vit; = Vits + Vi 0, 0.09]

ts = tstr 4.60 Vis = Visty + t5Vir 4.08, 1.84]

o
N
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Introduction: Differentiation

Symbolic Differentiation

Basic Differentiation Rules

Chain rule:

Differentiation Methods Voé(u) = d(u)Vu

@ Numerical

o Automatic Arithmetic operations:

@ Symbolic Vutv) = VuxVvu
V(w) = uVov+ovVuy
u (Vu — 2Vo)
v = et

v v
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Introduction: Differentiation

Symbolic Differentiation

Basic Differentiation Rules

Chain rule:

y = f(x1,22) = (m122 + sin(zy)) (22 + cos(zz))

Arithmetic operations:

V(utv) = VuxVu °
V(w) = uVv+oVu a a
(Vu — 2Vv)
v = Y
0 ¢ 0w
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Introduction: Differentiation

Symbolic Differentiation Example
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Introduction: Differentiation

Symbolic Differentiation Example

Operations Differentiate(t;, {z1, z2})
t1 =2 Vit =[1,0]

o = T3 Vity = [0, 1]

t3 = t1ta Vits = t1Vite + Vi to
t4 = Sil’l(tl) Vt4 = COS(tl)th

ts = t3 + ta Vits = Vits + Viy

ts = COS(tQ) Vtg, = — Sin(tz)vtz

tr =t + t2 Vitr = Visg + Via

tg = tsty Vits = Visty + t5Vir




Introduction

Introduction: Differentiation

Symbolic Differentiation Example

Operations Differentiate(t;, {z1, z2})

t1 = o1 Vit = [1,0]

tg = T2 Vtz = [0, 1] P 1 9

h=ti, | V= uVi Vi L) (o s o b i)
ty = sin(ty) Vity = cos(t1)Via T

ts = t3 + ta Vits = Vit + Viy of (z1, x2)

t¢ = cos(tz) | Vit = —sin(t2) Vi Er-—— (1 (z2 + cos(z2)) +

tr = te + t2 Vit; = Vi + Via X .

tg = tsty Vig = Vitsty + tsVir (1112 + Sln(zl))(l B S’Ln(ZQ))
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Differentiate a Modelica Model

Modelica language features

State-Space equations

Language Elements
o Equations
o Algorithms
@ Functions
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Differentiate a Modelica Model

Differentiate a Modelica Model

Modelica language features

State-Space equations

Using symbolic differentiaten.
Language Elements = Straight forward!

o Equations

o Algorithms
@ Functions
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Differentiate a Modelica Model

Modelica language features

&(t) \ _ [ h(z(t),u(t),p,t)
( y(1) ) B ( k(z(t),u(t),p,1) )

Language Elements

o Equations

@ Algorithms

@ Functions

A
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Differentiate a Modelica Model

Differentiate a Modelica Model

Modelica language features

Algorithms

Using a combination of automatic

e d!fferent!at!on and symbolic
differentiation.

(50)- ()| e

algorithm

| A

y := 0.0;

Language Elements fac := 1.0;
for i in O:n loop
o Equations j = Real(i);
. if j > 0.0 then
@ Algorithms fac := fac * j;
. end if;
@ Functions ) y ==y +x " j / fac;
end for;
equation

der(z) = vy;

15 /27



Differentiate a Modelica Model

Differentiate a Modelica Model

Modelica language features

Algorithms
Differentiated algorithm " L .
Using a combination of automatic
algorithm differentiation and symbolic
Y$PDE*S205: 0.0; differentiation.
y := 0.0;
fac$pDERz := 0.0;
fac := 1.0;
for ©in 0in loop
j$pDERz := 0.0;
j = /+xREALx/(i); algorithm
if j > 0.0 then y (= 0.0;
fac$pDERz := fac$pDERz x j + fac := 1.0;
fac * j$pDERz; for i in O:n loop
fac := fac x j; j = Real(i);
end if; if j > 0.0 then
y$pDERz := y$pDERz + (j$pDERz =x fac := fac * j;
log(x) * x ~ j % fac — x " j = end if;
fac$pDERz) * fac ~ —2.0; y :=y +x " j / fac;
y i(=y +x "~ j / fac; end for;
end for; equation
der(z) = vy;

16 /27
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Differentiate a Modelica Model

Functions

(t) \ _ [ h(z(t),u(t),p,?)
( y(1) ) B ( k(z(t),u(t),p,t) )

Language Elements

e Equations

@ Algorithms

@ Functions
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Differentiate a Modelica Model

Functions

State-Space equations

Language Elements

e Equations

@ Algorithms

@ Functions

Functions with derivative annotation

@ A function can have an
annotation derivative.

derivative annotation

| A

function f
annotation(derivative=df);
input Real x;
output Real y;

algorithm
y = cos(x);

end f;

function df
input Real x;
input Real dx;
output Real dy;
algorithm
dy = —sin(x)*dx;
end df;

N N

™
N




Differentiate a Modelica Model

Differentiate a Modelica Model

Functions

z(t) \ _ [ h(z(t),u(t),p,?)
( y(t) > - ( k(z(t),u(t),p,1) >

Language Elements

o Equations

@ Algorithms

@ Functions

A
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Differentiate a Modelica Model

Functions

Example
State-Space equations function f1
input Real a;

output Real b;

0 external b = myfoo(a)

i(t) _ h(ﬁ(t%ﬂ(t)’ﬂ’ t) annotation(Library="foo.o",
U D t Include="#include \"myfoo.h\"");
— — y end f1;

Language Elements

o Equations if (a > tol || a<—tol) then
@ Algorithms delta = axtol;

else

delta = tol;

@ Functions

\

$DERf1$pDERa =
(fl(atdelta) — f(a))/delta;
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Differentiate a Modelica Model

Special issue

@ equations

@ algebraic loops
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Differentiate a Modelica Model

Differentiate a Modelica Model

Special issue

COT

() _ [ et i
repn=(5)-(mlf

@ equations

@ algebraic loops
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Differentiate a Modelica Model

Differentiate a Modelica Model

Special issue

&\ _( am+gin”

differentiate with respect to z;

@ equations

@ algebraic loops U
Of . O _ Oda
B = oo = 0T 9o T2
Ofa ._ 0% _ 8I1x
611 T 8:121 - le

= Nonlinear equations and algebraic loops that are differentiated, result
in equations depending linearly on the differentiated variables. J

19/27
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Differentiate a Modelica Model

Implementation

Frontend

] Backend|

Input Phase

@ Generates a new -
=l Transformationmodules |
BackendDAE System. |
|

,,,,,,, —
DAE Handler for |
Index Reduction |

=

. . . . ¢ |Dynamic State Selection

@ Linearization is an [T
H P

Optimization Backend [

Module. E
f

Op

! | Tearing/Relaxation i
| Inlinelntegration v
: SimpleEquation | ! |
: i Output Phase :

@ Use the power of
OpenModelica.

Pre-Optimization i

Transformation Phase |<- !

Post-Optimization |—

Linearization

Target Format
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Differentiate a Modelica Model

Implementation

Frontend

(=] Backend|

Input Phase

@ Generates a new -
=l Transformationmodules
BackendDAE System. |
|

,,,,,,,, —
DAE-Handler for |
Index Reduction |

. . . . [Dynamic State Selection

@ Linearization is an
et

Optimization Backend [

Module.

experemental status 15 Oplmizaonmodits|
. ! ; Post-Optimization |—

@ omc usage with debug flag : :
| _\nhne\ntegralvun

+d=linearization ‘
: SimpleEquation WFMSE
@ linear model is created with . B

-l <time> — e -

@ Use the power of
OpenModelica.

Pre-Optimization i

Transformation Phase |<- !

A

e

Target Format



Applications for Symbolic Jacobian

Application for Linear Model

Controlling an inverse Pendulum by a linear model

model InversePendulum
parameter Real
parameter Real
parameter Real
parameter Real
parameter Real
parameter Real
parameter Real
Real c_x,c_v; L
Real p_theta, p_w;

input Real u; !
equation
der(c_x) = c_v;
der(p_theta) =

y
pw;
(M + m)xder(c_v) + bkxc_v + u = =

mx | xder (p_w)*cos(p_thetatpi) * M
—mk | kp_w " 2xsin (p_theta+pi);

(i+m«l"2)xder(p-w) + O Q

mx« | xg*sin (p_theta+pi)=
—mx | xder (c_v)xcos(p_thetatpi);

06; m

v -—m 03X
[eN-NoNoNoNe)

Il

w
-
I

=

end InversePendulum;

N
~
N



Applications for Symbolic Jacobian

Application for Linear Model

Controlling an inverse Pendulum by a linear model

model InversePendulum Equatlons (16)

parameter Real M = 0.5; 1 : $DER$Pc_x$pDERc_x = 0.0
parameter Real m = 0.2; 2 : $DER$Pc_x$pDERc_v = 1.0
parameter Real b = 0.1; 3 :DER:PC K:PDERP theta = 0.0
4 : $DER$Pc_x$pDERp_w = 0.0
parameter Real i = 0.006; 5 : $DER$Pp_ thzta$§DERc x = 0.0
parameter Real g = 9.8; 6 : $DER$Pp_theta$pDERC_v = 0.0
parameter Real | = 0.3; 7 : $DER$Pp_theta$pDERp_theta = 0.0
parameter Real pi = 3.14; 8 : $DER$Pp theta$pDERp_w = 1.0
Real c.x . c_v: 9 : (M + m) * $DER$Pc_v$pDERc_x +
A m * (1 * ($DER$Pp_w$pDERc_x * cos(p_theta + pi))) =
Real p_theta, p.w; 10 : (M + m) * $DER$Pc_v$pDERC_v +
input Real u; (b +m * (1 * ($DER$Pp_w$pDERc_v * cos(p_theta + pi)))) =
equation 11 : (M + m) * $DER$Pc_v$pDERp_theta +

m * (1 * ($DER$Pp_w$pDERp_theta * cos(p_theta +

pi) + (-der(p_w)) * sin(p_theta + pi))) -

m* (1 * (p_w ~ 2.0 * cos(p_theta + pi))) =

12 : (M + m) * $DER$Pc_v$pDERp_w +

(M + m)* der(c,v) + bxc_v 4+ u = m * (1 * ($DER$Pp_w$pDERp_w * cos(p_theta + pi))) -
mx | xder (p_w)#*cos(p_theta+pi) 2.0 * (m * (1 * (p_w * sin(p_theta + pi)))) =

der(c_x)

= c_v;
der(p_theta) =

~ . N 13 : (i +m * 1 ~ 2.0) * $DER$Pp_w$pDERc_x =
—mx Lxp_w"2xsin (p-thetatpi); (-m) * (1 * ($DER$Pc_v$pDERc_x Ii cog(p_theta + pi)))
14 : (i +m * 1 " 2.0) * $DER$Pp_w$pDERc_v =
(i+mxl"2)xder(p_w) + (-m) * (1 * ($DER$Pc_v$pDERc_v * cos(p_theta + pi)))
mx« | xg*sin (p_theta+pi)= 15 : (i +m * 1 ~ 2.0) * $DER$Pp_w$pDERp_theta +

m * (1 * (g * cos(p_theta + pi))) =

(-m) * (1 * ($DER$Pc_v$pDERp_theta * cos(p_theta + pi)
+ (-der(c_v)) * sin(p_theta + pi)))

end InversePendulum; 16 : (i +m * 1 ~ 2.0) * $DER$Pp_w$pDERp_w =

(-m) * (1 * ($DER$Pc_v$pDERp_w * cos(p_theta + pi)))

—mx | xder(c_v)xcos(p_theta+pi)

N
N
~
N



Applications for Symbolic Jacobian

Application for Linear Model

Controlling an inverse Pendulum by a linear model

model linear_InversePendulum
parameter Real x0[4] = {0,0,0,0};
parameter Real u0[1] = {0};
parameter Real A[4,4] = [0,1,0,0;

0,-0.18,2.672,0;

0,0,0,1;

0,—-0.45,31.18,0];

parameter Real B[4 ,1] = [0;1.81;
0;4.54];
parameter Real C[2,4] = [1,0,0,0;
0,0,1,0];

parameter Real D[2,1] = [0;0];
Real x[4](start=x0);
output Real y[2];
input Real u[l](start=u0);
[..]
equation
der(x) = A x x + B % u;
y =Cx*x x +D % u;
end linear_InversePendulum;
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Application for Linear Model

Controlling an inverse Pendulum by a linear model

model linear_testlnversePendulum
[...]
parameter Real x0[4] = {0,0,0,0};
parameter Real u0[1] = {0};
parameter Real A[4,4] =
[0,1,0,0; —0.18,2.672,0;
0,0,0,1; 0,—-0.45,31.18,0];
parameter Real B[4,1]=[0;1.818;0;4.5
parameter Real C[2,4]=[1,0,0,0;0,0,1
parameter Real D[2,1] = [0;0];
parameter Real L[4,2] = 1.0e+403 x*
[ 0.0826, —0.0010; 1.6992, —0.0402;
—0.0014, 0.0832; —0.0762, 1.7604];
parameter Real K[1,4]=[-70.7107,
—37.8345, 105.5298, 20.9238];
Real x[4](start=x0);
Real y[2];
output Real kx = scalar (Kxx);

input Real u[l](start=u0);
input Real y_nonlinear[2];

equation
der(x) = A *x x + B x u + Lx(y_nonlinear — y);
y =C=x%x x +D % u;

end linear_testinversePendulum;

27
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Applications for Symbolic Jacobian

Provide the analytical jacobian matrix to DASSL

Numerical Integration with DASSL

0 = f(tnt1, Tnt1, @Tpy1 + B)
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Applications for Symbolic Jacobian

Provide the analytical jacobian matrix to DASSL

Numerical Integration with DASSL

0= f(tn+1, Tnt1, @Tny1 + B)
Solving this with a modified Newton iteration

h h ot
g™t = ym — c(g—; + ¢j * %) h(t,z, &z + B).
The iteration matrix
M = ok + ¢j * oh
oz Y " oz

is numerically determined by DASSL.




Applications for Symbolic Jacobian

Applications for Symbolic Jacobian

Provide the analytical jacobian matrix to DASSL

Numerical Integration with DASSL

0= f(tn+1, Tnt1, @Tny1 + B)
Solving this with a modified Newton iteration

h h ot
g™t = ym — c(g—; + ¢j * %) h(t,z, &z + B).
The iteration matrix
M = ok + ¢j * oh
oz Y " oz

is numerically determined by DASSL.

<

Providing symbolical iteration matrix
M=A—cjxId




Summary

Summary

@ The OMC can automatically generate symbolic derivatives for
Linearization.

@ This offers a variety of different application fields.

26 /27



Summary

Outlook

@ The performance of the current implementation can be improved:
o compile time.
o evaluating the Jacobians.

@ In the future it is possible to improve this module in two directions:

o The user could select some functions and the variables.
o Generate directly a Modelica model with the symbolic derivative
expressions.

N
N
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Summary

Outlook

@ The performance of the current implementation can be improved:
o compile time.
o evaluating the Jacobians.

@ In the future it is possible to improve this module in two directions:

o The user could select some functions and the variables.
o Generate directly a Modelica model with the symbolic derivative
expressions.

Further Applications

@ Optimization

Parameter identification

°
@ Sensitivity analysis
°

Uncertainty calculation

N
N
o
N
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